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Abst rac t - - In  this paper, we deal with the problem of finding a proper relaxation procedure (in 
the sense that relaxed minimizers can be approximated with ordinary controls) for optimal control 
problems involving delays in the control variables. For systems involving commensurate d lays it is 
well known that a 'strong' model provides a proper relaxation procedure. For the noncommensurate 
case, however, the question of how to properly relax delayed controls has remained open and a natural 
candidate has been a modified version of the strong model, which we call the 'weak' procedure, first 
introduced by Warga. In this paper, we show by means of two examples that this procedure may fail 
to be proper for systems with either commensurate or noncommensurate delays. It is expected that 
these examples will provide some insight into the problem of finding a proper relaxation procedure 
applicable to the general case. (~) 1999 Elsevier Science Ltd. All rights reserved. 
Keywords - -Opt ima l  control problems, Relaxation theory, Delayed controls, Proper relaxation 
procedures. 
1. INTRODUCTION 
In order to understand the main contribution of this paper, let us start by briefly summarizing 
the standard relaxation procedure for delay free optimal control problems. A full account of these 
ideas can be found in Warga's book [1]. 
For T C R compact and R a compact metric space, denote by M (T, R) the space of measurable 
functions mapping T to rpm(R) with the weak star topology of LI(T, C(R))*, where rpm(R) is 
the space of Radon probability measures on R with the weak star topology of C(R)*. Let b/(T, R) 
be the space of measurable functions mapping T to R, embedded in A/I(T, R) by identifying each 
u E/4(T, R) with the function t ~-~ 5u(t), where 5a (also written as (~a) is the Dirac measure at a. 
It is well known that M(T, R) coincides with clS/(T, R), the weak star closure of t4(T, R). For 
optimal control problems where b/(T, R) is the space of ordinary controls, existence of minimizers 
in the space J~4(T,R) of relaxed controls can thus be assured, and they can be approximated 
with ordinary controls. We summarize this fact by saying that M(T, R) provides a "proper" 
relaxation procedure for b/(T, R). 
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For optimal control problems involving delays in the controls, several attempts have been made 
to find proper elaxation procedures. The problem we consider in [2-5], which illustrates the main 
difficulties encountered when addressing relaxation questions, is the following. Let T = [0, 1] and 
suppose we are given real numbers 0 < 81 < • • • < 0 k < 1, a point ~ E R n, a compact set f~ C R m 
and functions g mapping R n to R and f mapping T × R n × R ~(k+l) to R n. Let T := [-Ok, 1] 
and consider the Problem (P) of minimizing g(x(1)) subject to 
2(t)  = f ( t ,  x(t) ,  u(t) ,  u(t - 01), . . .  , u(t - -  0k ) ) ,  a .e .  in T, 
x(o) = ~, 
u( t ) E ~, a.e. in T, 
where u is any measurable function mapping T to R m. To apply the standard theory of relaxation, 
we reformulate this problem as follows. Let 00 := 0, Ai := 0i - 0i-1, and Ti := [Ai, 1] (i = 
1, 2 , . . . ,  k), and set 
~(01,02,... ,Ok):: {(U0,Ul,... ,Uk) E /-~ (T,~ k+l) I u{(t) 
---~ Ui_ 1 (t - -  Ai) a.e. in Ti (i = 1, 2 , . . . ,  k) }. 
Then, as one readily verifies, (P) is equivalent to the problem of minimizing g(x(1)) subject to 
J:(t) = f(t, x(t), u(t)), a.e. in T, 
x(o) = ~, 
u E U(01, 02 , . . . ,  6k). 
With this reformulation of the problem, we define the set of ordinary controls to be U(01,82, 
• . . ,0k). The question of finding a proper relaxation procedure for this problem is then re- 
duced to that of finding a subset of ~/[(T,~ k+l) which coincides with the weak star closure of 
b/(01,02,... ,  Ok) and, to do so, we need to impose some conditions generalizing the compatibility 
conditions on the controls. Let us describe three relaxation procedures which have been recently 
proposed (see [5,6]). 
We say that an element # of ~I(T,  ~k+l )  i s  a 
• weakly relaxed control if, for all ~ in LI(T, C(f~)) and i = 1, 2 , . . . ,  k, 
/Ti dt / ~(t, ri)#(t)(dr) = IT, dt / ~(t, r i- i)p(t - Ai)(dr); 
• strongly relaxed control if 8i = i0 (i = 1, 2 , . . . ,  k) for some 0 E (0, 1/k) and, for all ~ in 
Ll(T,C(ak)) ,  
~ldt f ~(t, rl,r,,...,rk)~(t)(dr)= ~1 dt f ~(t, ro,rl,...,rk-1),(t-O)(dr); 
• :D-relaxed control if, for all ~ in T)(01,02,..., Ok), 
/o1/ dt ~(t, ro,r l , . . .  ,rk)#(t)(dr) <_ O, 
where 
7)(01,02,... ,0k) = f ~ E L 1 (T,C (gtk+l)) I for every u E /¢([-Ok, 1],~), 
~(t ,u ( t ) ,u ( t -  01) , . . . ,u ( t -  Ok)) dt < 0 . 
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For the three cases, r = ( ro , r l , . . . , rk ) .  We denote by Adw(Ol,02,.. . ,Ok), 3Ak(O), 
and A4~(01,02,. . . ,  0k) the sets of weakly, strongly, and :D-relaxed controls, respectively. 
An equivalent condition which characterizes weakly or strongly relaxed controls can be stated 
in terms of projections. An element # of Ad (T, f~k+l) belongs to Adw (01,02 . . . .  ,0k) if and only if 
P~lz(t) = P i - lp ( t  - Ai), a.e. in Ti (i = 1, 2 , . . . ,  k), 
where if, say, # E ~4(T, f~)  for some n c N, and S c {0, 1 , . . . ,  n - 1}, then 7)sl,(t) denotes the 
projection onto the S coordinates of/L(t). Similarly, g E 2Mk(0) if and only if 
~D1,2 ..... k~(t )  ~-  ~[:)0,1 ..... k_llA(t - 0), a.e. in [0, 1]. 
The three sets just described contain the set of ordinary controls and, regarding them as sub- 
spaces of 2td(T, ilk+l) with the weak star topology, they are all compact. Also, it is proved in [7] 
that both 3dr(01,02 . . . .  ,0k) and clb[(01,02,..., 0a) coincide, and thus, the 7)-model provides 
a proper relaxation procedure for delayed controls. However, as we explain in [8], determining 
the set of :D-relaxed controls for specific problems is a very difficult and perhaps even a hopeless 
task. Thus, there is a need to find more concrete characterizations of the closure of the space of 
ordinary delayed controls. 
In the event of commensurate delays this is solved precisely through the strong model. We 
know that strongly relaxed controls also provide a proper relaxation procedure, and thus, 
My(o,  2o,..., ko) = Mk(O) = clU(O, 20,..., kO). 
For tile noncommensurate case, the problem of how to characterize D-relaxed controls has re- 
mained unsolved. For this ease, certain classes of weakly relaxed controls (see [3,4]) have been 
shown to belong to the closure of the space of ordinary controls (in particular, all constant weakly 
relaxed controls in the event hat the underlying compact control space has two points). However, 
in a recent paper (see [4]), we gave an example of a weakly relaxed control which does not satisfy 
this property. This example shows that, for the noncommensurate case, the first equality in the 
relation 
.A/[w(01,02,. . . ,0k) = J~T) (01,02, . . . ,0k)  = c l~(01 ,02 , . . . ,0k )  
does not necessarily hold, and the problem of how to characterize D-relaxed controls remains 
open. 
In this paper, we provide two more examples, for the noncommensurate case, of weakly relaxed 
controls which do not belong to the closure of the space of ordinary controls. The first example is 
similar, though simpler, to the one given in [4] and it is applicable to commensurate or noncom- 
mensurate delays. The second example, on the other hand, involves certain relation between the 
delays. It is expected that these examples will provide some insight into the problem of finding 
a proper relaxation procedure applicable to the general case. 
2. EXAMPLES 
In this section, we shall provide two examples of weakly relaxed controls, involving commensu- 
rate or noncommensurate delays, which cannot be approximated with ordinary delayed controls. 
EXAMPLE 2.1. Let Q := [0, 1] and suppose we are given any 0 < 01 < 02 < 1. Set (~ := 02 - 0~, 
and consider the relaxed control # C 3A(T, 123) given by 
{ 15(1 ,0 ,1 )+15(0 ,1 ,0 ) ,  i f t c [0 ,  c~), 
•(t)= ~5(0,0,0) + 15(1, 1, 1), if t ~ [c~,1]. 
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The fact that # E Mw(01, 02) follows since 
15 7:'i#(t) = 25o + -~ 1, 
We shall prove that # ~ clb/(01,02). 
To begin with define, for all (u ,v ,w)  E ~3, 
for all t E T and i = 0, 1, 2. 
h(u ,v ,w) :  = min{i(u - 1,v ,w - 1)[, ](u,v- 1,w)l), 
g(u,v ,w)  : = min{[ (u ,v ,w) i , i (u -  1,v -  1 ,w-  1)[} 
and for any t E T, xo ,x l  E R, and (u ,v ,w)  E ~3, let 
( Xo - + h(u ,v ,w) ,  
f(t, xo,Xl,U,V,W) :=  2 
Consider problem (P) of minimizing x1(1) subject o 
if t E [0, a), 
if rE [a ,  1]. 
~.l(t) = f ( t ,  xo(t), x l (t) ,  u(t), v(t), w(t)), 
~o(t) = u(t), 
x0(0) = zl(0) = 0, 
(u, v, w) E U(01,02) 
a.e. in T, 
a.e. in T, 
and observe that the corresponding cost of # is zero and, since the cost cannot be negative, the 
minimum of the problem posed on Mw(01,02) is zero. 
Now, let 0 < a < rain{a, 01,1 - 02} so that the intervals I := [0,a), I + a and I + 02 are 
disjoint and belong to [0, 1). Let (xo, xl, u, v, w) be any admissible original process for (P) so 
that (u, v, w) E b/(T, ~3) and 
v(t) = u(t - 01), a.e. in [01, 11, 
w(t) = v(t - a), a.e. in [a, 1]. 
Observe that the following relations hold a.e. in I: 
(1) 
(2) 
w(t + ~) = v(t), v(t + 02) = u(t + ~), ~(t + 02) = u(t). 
Indeed, by (2), w(t+a)  = v(t) a.e. in [0, l -a ]  and, since a < 01 < 1 -02  4-01 = l -a ,  
we have I C [0, l -a ] .  By (1), v(t4-02) = u( t4 -a )  a.e. in [ -a,  1 -02]  D I. Finally, by (2), 
w(t + 02) -- v(t + 01) a.e. in [-01, 1 - 02] and, by (1), v(t 4- 01) = u(t) a.e. in [0, 1 - 01]. Hence, 
w(t + 02) = u(t) a.e. in [0, 1 - 02] D I and the three relations hold a.e. in I. 
Therefore, 
/o ° >_ h(u(t), v(t), w(t)) dt + ]o g(u(t), v(t), w(t)) dt + g(u(t), ~(t), ~(t)) dt J 02 
/o ° = {h(u(t ) ,v( t ) ,w(t ) )  +g(u( t+a) ,v ( t+a) ,v ( t ) )+g(u( t+O2) ,u ( t+a) ,u ( t ) )}  dt. 
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Fix t • I and let r0 := u(t), rl = v(t), r2 = u(t + c~), so = w(t), sl = v(t + c~), and se = u(t + 02). 
Define 
~(t) := h(ro, r l ,  so) + g(r2, Sl, rl) + g(s2, re, to) 
and let 
Observe now that 
1, i fh ( ro , r l , so)  = I (ro - 1 ,~,~o - 1)t, 
m0 = 0, i fh ( ro , r l , so )  = ] ( r0 , r l - l ,  so)[, 
1, if g ( re ,s l , r l )  = I(r2, s l , r l ) l ,  
?Tt 1 : 
O, i fg(r2,s l , r~)  = I ( re  - 1 ,  s~ - 1 , r l  - 1 ) [ ,  
1, if g(se,r2,ro) = [(se,r2,ro)l, 
m2 = O, if g(se, r2,ro) = l(s2 -1 , r2  -1 , ro -1 ) l  • 
mo ¢ ml  =~ c2(t) _> ll - r l l  + ITlt, 
• ml  ¢ me ~ ~( t )  > l1 - tel 4- Irel, 
m0 = rn2 =~ ~(t )  >_ I 1 - r0t + [rol. 
On the other hand, if mo = rn l  and rnl = m2, then mo = m2 and so, in all cases, ~(t) _> 1. It 
follows that 
/o a Xl(1) >_ ~(t)dt  >_ a > 0 
and so the infimum of (P) posed over original admissible processes is positive. This implies that  p 
cannot be approximated with elements of 5/(01,02). 
EXAMPLE 2.2. Let f~ := [0, 1] and suppose we are given any 0 < 01 < 02 < 1. Set a := 02 - 02, 
and consider the relaxed control p • Ad(T, ft a) given by 
16(0,1,1)  + 26(1,0,0),  
#(t) = 16(0,1, 0 ) + I6(1 ,0 ,1) ,  
As before, the fact that tt • Mw(01,02) follows since 
if t • [0, 01) , 
if t E [01, 1]. 
16 16 P i#( t )= ~ 0+~ 1, for a l l t cTand i=0,1 ,2 .  
We claim that,  if 02 < 201, then # ¢ c15/(01,02). 
To prove it, let 
(u ,v ,w)  E f~31et 
us consider a problem similar to the one given in Example 2.1. For all 
h(u ,v ,w) := min{[ (u ,v -  1, w-  1 ) l , l (u -  1,v,w)l}, 
9(u ,v ,w) :  = min{ l (u ,v -  1,w)l, [ (u -  1,v ,w - 1)L} 
and for any t c T, x0, xl  C R,  and (u, v, w) c f~a, let 
(xo- 
f ( t ,  xo ,x l ,u ,v ,w)  := 2 
(xo 
if t E [0,01), 
if t E [01, 1]. 
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Consider problem (P) of minimizing xl(1) subject to 
Xl(t) =f( t ,  xo(t),xl(t) ,u(t) ,v(t) ,w(t)) ,  
20(t )=u(t) ,  
x0(0) =x,(0)=0, 
(u,v,w) ~U(Ol,02). 
a.e. in T, 
a.e. in T, 
As before, the corresponding cost of # is zero and, since the cost cannot be negative, the 
minimum of the problem posed on Adw(01,02) is zero. Now, suppose that  02 < 201, so that 
c~ < 01, and let 0 < a < min{ct, 01 -a ,  1 -02} ,  so that the intervals I := [0, a), I+c~,  and I+02 
are disjoint and belong to [0, 1). Let (x0, xl ,  u, v, w) be any admissible original process for (P). 
As in Example 2.1, we have 
w(t + a) = v(t), v(t + O2) = u(t + a), w(t + O2) = u(t) a.e. in I .  
Therefore, 
fO a fo~Ta fO2Wa >_ h(u(t), v(t), w(t)) dt + h(u(t), v(t), w(t)) dt + g(u(t), v(t), w(t)) dt 
~ ct J 02 
/o = {h(u( t ) ,v ( t ) ,w( t ) )+h(u( t+a) ,v ( t+c~) ,v ( t ) )+g(u( t+O2) ,u ( t+~) ,u ( t ) )}dt .  
Fix t e I and let ro = u(t), rl = v(t), r2 = u(t + c~), so = w(t), sl = v(t + a), and s2 = u(t + 02). 
Define 
qo(t) := h(ro, rl, so) + h(r2, sl, rl) + g(s2, r2, ro) 
and let 
f 1, i fh(ro,r l ,so) = [(ro,rl  - 1 , so -  1)[, 
mo 
O, if h(ro,rl,so) = [(ro - 1,r l ,so)[,  
f 1, i fh(r2,s l , r l )  = ](r2,sl - 1,r l  - -  1)1, 
ml [ O, ifh(r2, s l , r l )  = I(r2 - 1, s l , r l ) l ,  
f 1, i fg(s2,r2,ro) = [(s2,r2 - 1,ro)[, 
m2 t O, if g(s2,r2,ro) = I(s2 - 1,r2, ro - 1)1. 
Observe that  
mo ¢ m2 ~ ~( t )  > l1 - to[ + Irol, 
mo ¢ ml  =:~ ~( t )  > I1 - r l [  + [rl[, 
m l  -- m2 ~ ~( t )  > 11 - r2l + Ir21. 
On the other hand, if mo = ml and mo = m2, then ml = rn2 and so, in all cases ,  ~f l ( t )  > 1. Thus 
/o ° Xl(1) > ~(t) dt > a > 0 
and so the infimum of the original problem is positive. We conclude that, if 02 < 201, then 
# ¢ clU(01,02). 
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